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Abstract 

We review the oscillator construction of the unitary representations of non- 
compact groups and supergroups and study the unitary supermultiplets of 
OSp(l/32, R) in relation to M-theory. OSp(l/32, R) has a singleton super- 
multiplet consisting of a scalar and a spinor field. Parity invar iance leads us 
to consider OSp(l/32, R)l x OSp(l/32, R)r as the "minimal" generalized 
AdS supersymmetry algebra of M-theory corresponding to the embedding 
of two spinor representations of 50(10, 2) in the fundamental representa- 
tion of Sp(32,R). The contraction to the Poincare superalgebra with cen- 
tral charges proceeds via a diagonal subsupergroup OSp(l/32, R)l^r which 
contains the common subgroup .SC^IO, 1) of the two 50(10, 2) factors. The 
parity invariant singleton supermultiplet of 05^(1/32, R)i x OSp(l/32, R)r 
decomposes into an infinite set of "doubleton" supermultiplets of the diag- 
onal OSp(l/32, R)l_ji. There is a unique "CPT self-conjugate" doubleton 
supermultiplet whose tensor product with itself yields the "massless" gener- 
alized AdSn supermultiplets. The massless graviton supermultiplet contains 
fields corresponding to those of 11-dimensional supergravity plus additional 
ones. Assu ming that an AdS phase of M-theory exists we argue that the 
doubleton field theory must be the holographic superconformal field theory 
in ten dimensions that is dual to M-theory in the same sense as the duality 
between the N = 4 super Yang-Mills in d = 4 and the IIB superstring over 
AdS 5 x S 5 . 
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1 Introduction 



In a recent work Maldacena Q conjectured that the large J\f limits of cer- 
tain conformal field theories in d dimensions are dual to supergravity ( and 
superstring theory in a certain limit) on the product of d + 1 dimensional 
AdS spaces with certain spheres. Maldacena's conjecture was motivated by 
earlier work on p-branes 0. The prime example of this duality is between the 
N = 4 super Yang-Mills in d = 4 and the IIB superstring over AdS§ x S 5 in 
the large J\f limit. In 0] it was pointed out how the conjecture of Maldacena 
can be understood naturally within the framework of work done long time 
ago on Kaluza-Klein supergravity theories. Referring to Q for details and 
references to the earlier work we shall summarize briefly the most relevant 
results below. Since the work of Maldacena there has been an explosion of 
interest in AdS supergravity theories, p-branes and their relations to super- 
conformal field theories (||-[24]). 

In [25] the unitary supermultiplets of the d = 4 AdS supergroups OSp(2N/4, R) 
were constructed and the spectrum of the S 7 compactification of eleven di- 
mensional supergravity was fitted into an infinite tower of unitary supermul- 
tiplets of OSp(8/4, R). The ultra-short singleton supermultiplet sits at the 
bottom of this infinite tower of Kaluza-Klein modes and decouple from the 
spectrum as local gauge degrees of freedom [25]. However , even though the 
singleton supermultiplet decouples from the spectrum as local gauge modes, 
one can generate the entire spectrum of 1 1-dimensional supergravity over S 7 
by tensoring the singleton supermultiplets repeatedly and restricting oneself 
to "CPT self-conjugate " vacuum supermultiplets. f] 

The compactification of 11-d supergravity over the four sphere <S 4 down 



to seven dimensions was studied in [26, p7[| . The spectrum of 1 1-dimensional 
supergravity over S 4 fall into an infinite tower of unitary supermultiplets of 
OSp{8*/4) with the even subgroup 50(6,2) x USp(4) @. Again the dou- 
bleton supermultiplet of 0Sp(8* /4) decouples from the spectrum as local 
gauge degrees of freedom. It consists of five scalars, four fermions and a 
self-dual two form field [p6| . The entire physical spectrum of 1 1-dimensional 
supergravity over S 14 can be obtained by simply tensoring the doubleton 
supermultiplets repeatedly and restricting oneself to the vacuum supermul- 
tiplets §§. 

The spectrum of the S 5 compactification of ten dimensional IIB super- 



2 See the references quoted in 

3 As will be explained later i 
sentation whose lowest weight vector is the Fock vacuum 



3 As will be explained later a vacuum supermultiplet corresponds to a unitary repre- 
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gravity was calculated in [28, 29 1. The entire spectrum falls into an infi- 
nite tower of massless and massive unitary supermultiplets of N = 8 AdS§ 
superalgebra 5*7(2,2/4) |§. The "CPT self-conjugate" doubleton super- 
multiplet of N = 8 AdS superalgebra decouples from the physical spectrum 
as local gauge degrees of freedom. By tensoring the doubleton supermulti- 
plet with itself repeatedly and restricting oneself to the CPT self-conjugate 
vacuum supermultiplets one generates the entire spectrum of Kaluza-Klein 
states of ten dimensional IIB theory on S 5 . 



In |28|, |3Cj it was pointed out that the N = 8 AdS$ doubleton supermul- 



tiplet does not have a Poincare limit and its field theory exists only on the 
boundary of AdS*, which can be identified with the d = 4 Minkowski space . 
Hence the doubleton field theory of SU(2,2/4) is the conformally invariant 
N = 4 super Yang-Mills theory in d = 4. Similarly, the singleton super- 
multiplet of OSp(8/4, R) and the doubleton supermultiplet of OSp(8*/A) 
do not have a Poincare limit in d = 4 and d = 7, respectively, and their 
field theories are conformally invariant theories in one lower dimension []. 
Thus we see that the proposal of Maldacena follows directly from the above 
mentioned results if we assume that the spectrum of the superconformal 
field theories fall into ("CPT self-conjugate" ) vacuum supermultiplets. Re- 
markably, this is equivalent to assuming that the spectrum consists of color 
singlet supermultiplets! Furthermore, taking the large J\f limit allows one to 
tensor arbitrarily many doubleton supermultiplets so as to be able to obtain 
the entire infinite tower of Kaluza-Klein states. 

Our goal in this paper is to extend these results to the maximal possible 
dimension. In particular, we would like to find out if there exists an AdS 
phase of M-theory in the maximal space-time dimension that is dual to some 
superconformal quantum field theory. We are not able to give a definitive 
answer to this question. However, we find evidence from the supermultiplet 
structure of generalized AdS supergroups in 11 dimensions that M-theory 
can indeed have an AdS phase that is dual to a superconformal doubleton 
field theory in ten dimensions. In sections 2 and 3 we review briefly the 
oscillator construction of the unitary lowest weight representations of non- 
compact groups and supergroups. In section 4 we study the unitary lowest 
weight representations of the supergroup OSp(l/2m, R) , in general, and 
OSp(l/32, R) in particular. In section 5 we discuss the unitary supermulti- 
plets of OSp(l/32, R) in relation to M-theory and physics in ten and eleven 
dimensions. The parity invariance of M-theory requires the extension of 

4 see [HI for references 
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OSp(l/32, R) to a larger supergroup that admits parity invariant represen- 
tations. The "minimal" parity symmetric supergroup is OSp(l/32, R)l X 
OSp(l/32, R) R f] The two factors of OSp{l/32, R) L x OSp(l/32,R) R cor- 
respond to the embedding of left-handed and right-handed spinor represen- 
tations of 50(10,2) in the fundamental representation of Sp(32,R). The 
contraction to the Poincare superalgebra with central charges proceeds via 
a diagonal subsupergroup OSp(l/32, R)l_ji which contains the common 
subgroup SO(W, 1) of the two SO(W, 2) subgroups. The parity invariant 
tensor product of the singleton supermultiplets of the two factors decom- 
poses into an infinite set of "doubleton" supermultiplets of the diagonal 
OSp(l/32, R)l^r. There is a unique "CPT self-conjugate" doubleton su- 
permultiplet whose tensor product with itself leads to "massless" supermul- 
tiplets. The "CPT self-conjugate" massless graviton supermultiplet contains 
fields corresponding to those of 11-dimensional supergravity plus additional 
ones. We conjecture that the doubleton field theory is a superconformal 
field theory in ten dimensions that is dual to an AdS phase of M-theory in 
the same sense as the duality between the N = 4 super Yang-Mills in d = 4 
and the IIB superstring over AdS$ x S 5 . 



2 Unitary Lowest Weight Representations of Non- 
compact Groups 

A representation of the lowest weight type of a simple non-compact group 
is defined as a representation in which the spectrum of at least one of the 
generators is bounded from below. A non-compact simple group G admits 
unitary lowest weight representations (ULWR) if and only if its quotient 
space G/H with respect to its maximal compact subgroup H is an hermitian 
symmetric space Thus the complete list of simple non-compact groups 
that have unitary representations of the lowest weight type follows from the 
list of irreducible noncompact hermitian symmetric spaces. Below we give 
the complete list of such simple non-compact groups G and their maximal 
compact subgroups H p3| : 



'That this supergroup is the "minimal" parity symmetric generalized AdS group in 



eleven dimensions was argued by Horava 
Chern- Simons theory in eleven dimensions 



in his recent work on generalized topological 
32). 
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G H 

SU(p,q) S(U(p)xU(q)) 

Sp(2n,R) U(n) 

S0*(2n) U{n) 

S0(n,2) SO{n)xSO(2) 

#6(-i4) 50(10) x [7(1) 

E 7 (-25) E 6 x U(l) 

The Lie algebra g of a non-compact group G that admits ULWR's has a 
Jordan structure (3-grading) with respect to the Lie algebra h of its maximal 
compact subgroup H. 

g = g~ 1 eg°®g +1 (2-1) 

where g° = h and we have the formal commutation relations 

[g {m \g {n) }Qg {m+n) m,n = T l,0 

and </ m ) = for \m\ > 1. 



In [34] a general method of construction of unitary lowest weight rep- 
resentations (ULWR) of non-compact groups over the Fock space of an ar- 
bitrary number of bosonic oscillators was given. Some very special cases 
of this construction had appeared in the physics literature previously. For 
the groups SU (p, q), Sp(2n, R) and SO*{2n) the oscillator method yields di- 
rectly the irreducible ULWR's. For the non-compact groups SO(n, 2), E^_ M ^ 
and -EV(_25) the naive application of the method leads to reducible represen- 
tations and one then needs to project out the irreducible representations. 

To construct the ULWR's one realizes the generators of the noncompact 
group G as bilinears of bosonic oscillators and in the corresponding Fock 
space T one chooses a set of states |f2 >, referred to as the "lowest weight 
vector" , which transforms irreducibly under the Lie algebra h of the maximal 
compact subgroup H and which are annihilated by the generators belonging 
to the g~ l space. Then by acting on \Q > repeatedly with the generators 
belonging to the g +1 space one obtains an infinite set of states 

|0>, g +1 \n>, g +1 g +1 \fl>,... (2-2) 

which forms the basis of an irreducible unitary lowest weight representation 
of g. Irreducibility of the representation of g follows from the irreducibility of 
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the representation \Q > under h. Generically the generators of g are realized 
as bilinears of bosonic oscillators aj(r) satisfying the canonical commutation 
relations 

[ai(r),a j (s)] = 5{5 TS i,j = l,...,n (2-3) 

[ai(r),aj(s)] =0 r,s = l,...,p 

where the upper indices i,j,k,... are the indices in the representation 
R of h under which the oscillators transform and r,s.. = l,2,..p label the 
different sets of oscillators. We denote the creation operators with upper 
indices .. which are hermitian conjugates of the annihilation operators. 

ai(r)^ = a l (r) 



Generally, R is the fundamental representation of h . We shall refer to p as 
the number of colors. The generators are written as color singlet bilinears 
but the lowest weight vector |fi > and hence the infinite tower of vectors 
belonging to the corresponding ULWR can carry color. Depending on the 
non-compact group the minimal number p of colors required to realize the 
generators can be one or two. If p m in = lj then the corresponding unitary 
irreducible representations will be called singletons and if Pmin = 2, then the 
corresponding unitary irreducible representations are referred to as double- 
tons. The non-compact groups Sp(2n, R) admit singleton unitary irreducible 
representations [34, 36, |37| while the groups SO*(2n) and SU(n,m) ad- 



mit doubleton unitary irreducible representations []34j, |26|, |28|, |38|, |37j • The 
above definition of singleton representations coincides with the definition of 
singleton representations of the four dimensional AdS group ,50(3,2) with 
the covering group Sp(4, R) discovered by Dirac |3^]. While there exist only 
two singleton unitary irreducible representations of Sp(2n,R), one finds in- 
finitely many doubleton unitary irreducible representations of non-compact 
groups. The two singleton unitary irreducible representations of Sp(4, R) 
can be associated with the spin zero and spin \ fields in AdS background. 
On the other hand the d = 7 AdS group SO*(8) = S0(6, 2) admits infinitely 
many doubleton unitary irreducible representations corresponding to fields 
of arbitrarily large spin p6| . However, we should note that the doubleton 
fields are not of the form of the most general higher spin fields in d = 7. Their 
decomposition with respect to the little group SU(4) = Spin(6) in d = 7 
correspond to those representations of 5'C r (4) whose Young- Tableaux have 
only one row pq| . Whereas the general massive higher spin fields correspond 
to the representations of the little group with arbitrary Young- Tableaux. 
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If one replaces the bosonic oscillators in the above construction with 
fermionic ones, then one obtains the unitary representations of the compact 
forms of the corresponding groups. Extending the definition given above 
for singleton and doubleton representations to compact groups, one finds 
that U Sp(2n) admits doubleton unitary irreducible representations (finitely 
many) while the group SO(2n) admits two singleton unitary irreducible 
representations p0|| . The singleton unitary irreducible representations of 
SO(2n) are the two spinor representations. 

In general the compact group USp(2n) admits n non-trivial doubleton 
unitary irreducible representations. For U Sp(4) they are the spinor repre- 
sentation (4) and the adjoint representation (10). The two singleton (spinor) 
representations of SO(2n) combine into the unique singleton (spinor) rep- 
resentation of SO(2n + 1). 

3 Unitary Lowest Weight Representations of Non- 
compact Supergroups 

The extension of the oscillator method to the construction of the ULWR's 
of non-compact supergroups with a Jordan structure with respect to a max- 



imal compact subsupergroup was given in [35]. This method was further 
developed and applied to space-time supergroups and Kaluza-Klein super- 
gravity theories in references [^, 25, |2^, jd!] ]. The general construction 



of the ULWR's of the noncompact supergroup OSp(2n/2m, R) with the 
even subgroup SO(2n) x Sp(2m,R) was studied in |3(| and the ULWR's 
of OSp(2n* /2m) with the even subgroup SO*(2n) x USp(2m) in reference 



Consider now the Lie superalgebra g of a non-compact supergroup G 
that has a 3-graded structure with respect to a compact subsuperalgebra g° 
of maximal rank 



g = g' 1 e g° e g +1 



To construct the ULWR's of g one realizes it as bilinears of a set of super- 
oscillators £a(£ A ) whose first m components are bosonic and the remaining 
n components are fermionic 



Uir) 
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i,j = 1, ...,m ; fi,u = l, ...,n 
r,s = l, ...,p. 
They satisfy the supercommutation relations 

[U(r), t B (s)} = 5 A B 5rs (3-1) 

where [ , } means an anti-commutator for any two fermionic oscillators and 
a commutator otherwise. Furthermore we have 

[U(r), tB(s)} = 0=[H A (r), t B (s)} (3-2) 

Typically g° is the Lie superalgebra U(m/n) and £ A and £a transform in its 
fundamental representation and its conjugate, respectively. Generally the 
operators belonging to the g^ 1 and g +l spaces are realized as di-annihilation 
and di-creation operators respectively. Consider now a lowest weight vector 
|0 >, that transforms irreducibly under g° and is annihilated by g _1 oper- 
ators. Acting on \0, > with the g +1 operators repeatedly one generates a 
ULWR of g 



g~ 1 \n>=o, g°\n >= \n' > 

(3-3) 

{ULWR} = {\n >, g +1 \n >, g +1 g +1 \Cl >, ...} (3 - 4) 

uniquely labelled by \Q >. A supergroup g admits singleton or double- 
ton unitary irreducible representations depending on whether p m in = 1 or 
Pmin = 2, respectively. For example the non-compact supergroup OSp(2n/2m, R) 
with even subgroup SO(2n) x Sp(2m,R) admits singleton representations. 
The non-compact supergroup OSp(2n* /2m) with even subgroup SO(2n)* x 
U Sp{2m) admits doubleton unitary irreducible representations, as does the 
supergroup SU(n,m/p) with even subgroup S(U(n,m) x U(p)). There ex- 
ist only two irreducible singleton supermultiplets of the non-compact su- 
pergroup OSp(2n/2m, R) [g5|, |3q| . On the other hand, the supergroups 
OSp(2n* /2m) and SU(n,m/p) admit infinitely many irreducible doubleton 
supermultiplets p6L EM |28|. 
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Contrary to the situation with noncompact groups, not all noncompact 
supergroups that have ULWRs admit a three grading with respect to a com- 
pact subsupergroup of maximal rank. The method of |35| was generalized 
to the case when the noncompact supergroup admits a 5-grading with re- 
spect to a compact subsupergroup of maximal rank in [42]. For example, 
the superalgebra of OSp(2n + l/2m,R) admits a 5-grading with respect 
to its compact subsuperalgebra U(n/m) , but it does not admit a three 
grading with respect to a compact subsuperalgebra of maximal rank for 
general n and m. All finite dimensional non-compact supergroups do admit 
a 5-grading (Kantor structure) with respect to a compact subsupergroup of 
maximal rank 



g = <T 2 © g~ x © g° © g +1 © g +2 (3 - 5) 

The construction of the ULWR's in this more general case proceeds in 
a similar manner. One realizes the Lie superalgebra g in terms of super- 
oscillators and chooses a set of states |0 > in the corresponding super Fock 
space transforming irreducibly under the maximal compact subsuperalgebra 
g° and annihilated by the operators in g~ l subspace. The by acting on \Q > 
repeatedly by the generators belonging to g +1 one generates an infinite set 



of states that form the basis of an irreducible ULWR of g [42] 



3.1 Massless Supermultiplets of Anti-de Sitter Supergroups 

The Poincare limit of the singleton representations of the d = 4 AdS group 



SO(3, 2) is singular [43]. However, the tensor product of two singleton 
unitary irreducible representations of 50(3,2) decomposes into an infinite 
set of massless unitary irreducible representations which do have a smooth 



Poincare limit 1 43 , [34], |44[] . Similarly, the tensor product of two singleton su- 
permultiplets of N extended AdS supergroup OSp(N '/4, R) decomposes into 
an infinite set of massless supermultiplets which do have a Poincare limit 
[44, 25, 37]. The AdS groups SO(d — 1,2) in higher dimensions than 
four that do admit supersymmetric extensions have doubleton representa- 
tions only. The doubleton supermultiplets of extended AdS supergroups in 
d = 5 {SU{2, 2 /N)) and d = 7 {OSp{8*/2N)) share the remarkable features 
of the singleton supermultiplets of d = 4 AdS supergroups. The tensor prod- 
uct of any two doubleton supermultiplets decompose into an infinite set of 
massless supermultiplets |2^, p7|| . In d = 3 the AdS group SO (2, 2) is 
not simple and is isomorphic to S0(2, 1) x SO(2, 1). Because of this fact, 
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one has a rich variety of AdS supergroups in d = 3 |41|. Since locally we 
have SO(2, 1) « SL(2,R) ps S77(l, 1) ps Sp(2,R) the AiS supergroups in 
d = 3 (and hence in <i = 2) admit singleton representations [41[| . 

Based on the above and other arguments the following definition of a 
massless representation (or supermultiplet) of an AdS group (or supergroup) 
was proposed in [ 40 1 : 

A representation (or a supermultiplet) of an AdS group (or supergroup) 
is massless if it occurs in the decomposition of the tensor product of two 
singleton or two doubleton representations (or supermultiplets) . 

The tensor product of more than two copies of the singleton or dou- 
bleton supermultiplets of AdS supergroups decompose into an infinite set 
of massive supermultiplets in the respective dimensions as has been amply 



demonstrated within the Kaluza-Klein supergravity theories [26, 25, |2q| . A 



noncompact group that admits only doubleton representations can always 
be embedded in a larger noncompact group that admits singleton repre- 
sentations. In such cases the singleton representation of the larger group 
decomposes into an infinite tower of doubleton representations of the sub- 
group. 



4 Unitary Supermultiplets of OSp(l/2m, R) 

Simple AdS supergroups with an even subgroup SO(d — 1,2) x K ,where 
K is a compact internal symmetry group, exists in d < 7. Embedding 
AdS groups in simple supergroups in d > 7 requires enlarging SO(d — 1,2) 
to a larger simple group such as Sp{2^ d / 2 \R). For example the supergroup 
05p(l/32, R) was proposed as the generalized AdS supergroup in d=ll fHf . 
As mentioned above the noncompact supergroup OSp(2n + l/2m, R) has a 
five grading with respect to its compact subsupergroup U(n/m) of maximal 
rank . For the case n = the five grading of OSp(l/2m, R) is with respect 
to the compact subgroup U(m). In this section we shall apply the results of 
[ [42"| to construct the unitary lowest weight representations of OSp(l/2m, R) 
, in particular, those of OSp(l/32, R). Denoting the Lie superalgebra of 
OSp(l/2m, R) as g we have the following decomposition in a split basis: 

9 = <T 2 © g' 1 © 9° e g +1 © g +2 (4 - 1) 

g = Lij ®Li® l{ ei'e L ij 

where i,j, .. = 1,2, ...m . The supersymmetry generators U and L{ trans- 
form in the fundamental representation and its conjugate under the subal- 
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gebra U(m) generated by L\, respectively. The generators of the grade ±2 
subspaces are symmetric tensors 

Lij = Lji (4 - 2) 



We have the following oscillator realization of OSp(l/2m, R) p2| : 

(4-3) 



Li 


= 


di + ■ 


bi 


+ 


_L( 7 + 7 t)ci 


Lij 


= Si ■ 


bj + dj ■ 


bi 


+ 


e 

2°i c j 


T i 

L j 


= a 1 - 


dj + bj 




+ 


^(jcj+Cjj) 


V 


= $ 


■a l + ^- 




+ 


^(7 + 7 f )c 4 


j}j 


= a 1 - 


V + a j ■ 




+ 


-cV 
2 



The bosonic oscillators satisfy the commutation relations 

M = 4 (4-4) 

[ai(r),a j (s)\ = 8jS rs 

Mr),V(s)} = 8{5 rs 

[ai(r),aj(s)] = [a^r), bj(s)] = 

[a^r), &>'(*)] = [b l (r),b J (s)]=0 

where = 1,2, ...m ; r, s,... = 1,2,.../ and e = 0,1. The non- 

vanishing anticommutation relations of the fermionic oscillators tp(r) and 7 



are 



{^{r)^{s)} = 5 rs (4-5) 
{7,7*1 = 1 

We define the bilinears appearing above as a* • b 3 ' = Ylr=i « l ( r )k'( r ) etc.. 
The supercommutation relations of the generators of OSp(l/2m, R) take on 
a very simple form in the above basis: 

{Li, Lj} = (4-6) 
{L\L j } = L ij 
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[Li,Lj] = Lij 



[IS, V\ = L ij 

5<L , . 



[L 4J ,L fcZ ] = 5\L k + 5 k L l , + 5 k L l i + 5 l l L k 



Choosing / = and e = 1 yields the singleton supermultiplet and / = 1 
and e = leads to the massless supermultiplets Q]. If the number of 
colors 2/ + e is greater than two one gets massive supermultiplets. The 
Fock vacuum is defined as the state |0 > annihilated by all the bosonic and 
fermionic annihilation operators. A lowest weight vector \Q > of a unitary 
irreducible representation of OSp(l/2m,R) is also a lowest weight vector of 
its even subgroup Sp(2m, R). Acting on the lowest weight vector \Q > by 
the supersymmetry generators L l one generates new lowest weight vectors 
of Sp(2m,R). The action of L 13 on such a lowest weight vector generates 
the higher modes within a unitary irreducible representation of Sp(2m, R). 
We shall identify the particle states of a unitary irreducible representation 
of the "generalized AdS group" Sp(2m,R) with the Fourier modes of a 



field on that generalized AdS space . As in ref erences 26, 25, |2S|] these 
fields will be uniquely identified by the labels of their lowest weight vectors 
under the maximal compact subgroup of the AdS group which is U(m) 
in this case. For labelling fields in AdS space with respect to the U(m) 
transformation properties of the corresponding lowest weight vectors we 
shall use the Young tableaux notation. A field in AdS space whose lowest 
weight vector transforms in a representation of U(m) with the Young tableau 
(ni,rt2, .-,n m ) will be labelled as 

(4-7) 

where p = 2f + e is the number of colors and rtj denotes the number of boxes 
in the ith row of the Young tableau. In some suitably chosen units the AdS 
energy E of this field will be given by 

E = s + m(f +-) = «+ Knp (4 - 8) 

where 

s = n 1 +n 2 -\ h n m (4-9) 

This field is a fermion if s is an odd integer, and a boson when it is an even 
integer. 
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4.1 Unitary Supermultiplets of OSp(l /32, R) 

Let us now study the unitary supermultiplets of OSp(l/32, R) in detail. For 
a single color i.e / = and e = 1 there exists only a single lowest weight 
vector of OSp(l/32, R) in the super Fock space , namely the vacuum state 

L-|0 >= => Lij\0 >= (4-10) 

Acting on |0 > by the generators U 3 repeatedly one generates the infinite 
set of states corresponding to the Fourier modes of a scalar field <3? with eight 
units of AdS energy. The AdS energy is given by the eigenvalue of the £7(1) 
generator L\ that determines the 5-grading. Let us denote an irreducible 
bosonic (fermionic) field in our generalized AdS space as &d(E) (^(i?)) 
where d labels the SU(16) representation of the lowest weight vector of 
<Sp(32, R) and E stands for the AdS energy. Thus the scalar field defined 
by the Fock vacuum |0 > with a single color is 3>i(8) : 

|0>=>$!(8) = S (0 ,o,.,o) 1 (4-H) 

By acting with the supersymmetry generator L 1 on the lowest weight vector 
of OSp(l/32, R) we generate another lowest weight vector of Sp(32,R) : 

LyL fc |0 >= Ly7V|0 >= (4 - 12) 

The corresponding AdS field is a fermion *i6(9) . 

7 t c f |0>=^*ifl(9)=S (1)0i ...,o) 1 (4-13) 

There are no other lowest weight vectors of Sp(32,R) for a single color. 
Hence the singleton supermultiplet consists of a scalar field and a spinor 
field : 

$i(8) 0*16(9) (4-14) 



By our definition [4C] the massless supermultiplets are obtained by choos- 
ing two colors i.e / = 1 and e = 0. The vacuum vector is always a lowest 
weight vector of OSp(l/32, R) . Acting on it with supersymmetry gener- 
ators we obtain two additional lowest weight vectors of Sp(32,R). These 
lowest weight vectors and the corresponding fields in AdS space are 

|0 >=> * x (16) = 3 ( o,o,...,o) a (4-15) 
V\0 >= ^a*|0 >^ tt 16 (17) = S(i A .., ) 2 (4 - 16) 
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L^']|0 >= oM|0 >^ $120(18) = 3 i,i,o,-,o) 2 (4 - 17) 

The lowest weight vector a l \0 > of OSp(l/32, R) leads to the following 
massless supermultiplet of fields 

a*|0 >=► *i 6 (17) = S (1i0 ,..,o) 2 (4-18) 

LV|0 >= aW|0 >^ $136(18) = H( 2 ,Q,-,0) 2 (4 - 19) 

For two colors the other unitary massless supermultiplets of fields are of the 
form (n > 1). 

3 (n,0,-,0) 2 © 3 (n+l,0,-,0) 2 ( 4 " 20) 

As one increases the number of colors the possible unitary supermultiplets 
become much richer and for more than two colors they become massive su- 
permultiplets. Typically, the shortest supermultiplet for a given number of 
colors is obtained by choosing the vacuum |0 > as the lowest weight vec- 



tor of an extended AdS supergroup [g^, |25], £8|. We shall refer to these 
supermultiplets as the vacuum supermultiplets. The massless vacuum su- 
permultiplets of AdS supergroups in d = 4 go over to CPT self-conjugate 
supermultiplets in the Poincare limit. Therefore, in analogy with the situ- 
ation in d = 4 we may sometimes refer to the vacuum supermultiplets as 
CPT self-conjugate supermultiplets in other dimensions. For three colors 
the vacuum supermultiplet consists of the following fields: 

|0 >=> * x (24) = S ( o, 0i „.,o) 3 (4-21) 

L*|0 >^ $ 16 (25) = S (li o,...,o) 3 (4-22) 
LV&J'IO >^ $i 20 (26) $136(26) = S (1)1A ... )0)3 © %o,..,o) 3 (4 - 23) 
VUL k \0 >=^ $560(27) *i36o(27) = S^x.q,..^ © 3 ( 2l i,o,-)3 (4 - 24) 
The vacuum supermultiplet for four colors consist of the following fields: 

$i(32) $i 6 (33) $i2o(34) $136(34) © (4 - 25) 

$1360(35) © $560(35) © $5440(36) © $1820(36) © $7140(36) 

= S (0,-)4 © S (l,0,-)4 © 3 (l,l,0,-)4 © 3 (2,0,-)4 © 3 (2,l,0,-)4 © 
3 (l,l,l,0,-)4 © 3 (i,l,l,l,0,-)4 © 3 (2,l,l,0,-)4 © 3 (2,2,0,-)4 

By increasing the number of colors one obtains more generalized AdS 
supermultiplets. The rules for determining the t/(16) labels of the fields of 
these supermultiplets are simple and have been given in [25, 26, 36, 38, [12]]. 
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5 OSp(l/32, R) and Physics in Ten and Eleven Di- 
mensions 



The superalgebra OSp(l/32, R) has a contraction to the 11-dimensional 
Poincare superalgebra with two and five form central charges [46, ^5|] which 



can be written as [47]: 



{Qa,Qb} = {CT M ) AB P M + \{CT MN ) AB Z MN + ^(CT M ^) AB Y Ml ..M B 

(5-1) 

where T M (M, N = 0, 1, .., 10) are the 11 dimensional Dirac matrices, p 1 p 
(p = 2, 5) their antisymmetrized products, and C is the charge conjugation 
matrix. In the Major ana representation the 32 component spinors of the 
Lorentz group 50(10, 1) are real and C can be chosen to be T°. The above 
superalgebra is to be interpreted simply as the translation superalgebra with 
central charges. The Lorentz group 50(10, 1) acts as its automorphism 
group [47|. 



Now the group 50(10,2) is also the conformal group in ten dimensions 
and hence the group 5p(32, R) can also be interpreted as a generalized con- 
formal group in ten dimensions. Generalized spacetimes and superspaces 
with associated generalized Lorentz and conformal groups and supergroups 
were introduced and studied via the theory of Jordan algebras and Jor- 
dan superalgebras |j48| . The conformal Lie algebras g (Lie superalgebras) of 
Jordan algebras (superalgebras) can be given a 3-graded decomposition: 

9 = 9~ 1 @g°®g +1 (5-2) 

where the subspace g° is spanned by the generalized Lorentz group genera- 
tors plus the generator of dilations The subspaces g -1 and g +l are spanned 
by the generators of translations and special conformal transformations, re- 
spectively. Within this general framework the group 5p(32, R) is then the 
conformal group of the Jordan algebra j/g of 16 x 16 real symmetric matrices 
with the generalized Lorentz group 5/(16, R). It has the decomposition 

5p(32, R) = K a ? (Mg + D) T a(3 (5 - 3) 

where the T a p = Tp a a, (3 = 1,2,. .,16 are translation generators, K a @ = 
K@ a the generators of special conformal transformations , D the dilation 
generator and Mg are the gene rators of the generalized Lorentz group 
5/(16, R). The N = 1 supersymmetric extension of this conformal algebra 
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by Q and 5 type supersymmetry is simply the superalgebra OSp(l/32, R) 
with the 5-graded decomposition: 

05p(l/32, R) = K aP © 5 a © (Af£ + D) © Q a © T a/3 (5 - 4) 

The conformal supersymmetry generators satisfy the anticommutation rela- 
tions 



{Qa, Qp} 


= T a/ 3 


(5 




= K afi 




{<S ,a ,Q ( a} 


TOt 
~ L 





where are the generators of G7(16, i?) = 5/(16, R) + D. The decom- 
position of the generators of OSp(l/32, R) in terms of 50(9,1) covariant 
operators can be read off from the results of |47 

1 

5!' 



T Q/3 = (CT m T + UP m + -(CT mn ^UZ+ npqr (5-6) 



K «p = ^CT m T~)^K m + ^{CT mn ^ r ) aP Z- npqr 



where P m , K m , D, M mn are the usual generators of ten dimensional transla- 
tions, special conformal transformations, dilations and Lorentz transforma- 
tions. The are the selfdual and antiselfdual 5-form charge generators and 
Y is a 4- form cha rge generator. Note that these generators are not central 
charges of the ten dimensional conformal superalgebra. When restricted to 
maximal parabolic subalgebras g° © g ±1//2 © g^ 1 the generators Z^ can be 
interpreted as central charges. 

In the last reference of |^7j the algebras |5 - 1| and 5 — 6 were referred 
to as the M-theory superalgebra and the membrane superalgebra , respec- 
tively, and the differences between them were stressed. The fact that both 
the uncontracted form of f> - 1| and the membrane superalgebra turn out to 
be 05p(l/32, R) was considered as a coincidence. As we shall explain below 
the fact that these two algebras are related via 05p(l/32, R) is not a coinci- 
dence from our point of view and is the well-established connection between 
AdS supergroups in d + 1 dimensions and the conformal supergroups in d 
dimensions. 
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Now the M-theory superalgebra |5 - 1| is obtained from the supergroup 
OSp(l/32, R) via an Inonii -Wigner type contraction. An intermediate step 
in this contraction is to decompose the algebra OSp(l/32, R) with respect 
to the 50(10,2) subgroup of Sp(32,R). Interpreting this 50(10,2) as the 
AdS group in 11 dimensions one then takes the standard Inonii- Wigner con- 
traction to the Poincare group. This embedding of AdS group 50(10, 2) 
in Sp(32, R) is achieved by identifying the fundamental representation of 
Sp(32,R) with the spinor representation of 50(10,2). The fundamen- 
tal representation of Sp(32, R) decomposes as 16 © 16 under its maximal 
compact subgroup SU(16) x U(l). The fundamental representation 16 of 
5J7(16) is then identified with the Weyl spinor of the 50(10) subgroup of 
50(10,2). In contracting to the Poincare group, the fundamental repre- 
sentation of Sp(32, R) goes over to the spinor representation of the Lorentz 
group 50(10, 1) in eleven dimensions. 

If 05p(l/32, R) is a generalized AdS symmetry of M-theory then among 
its massless supermultiplets there must be one whose contraction includes 
the fields of 11 dimensional supergravity. A study of the massless super- 
multiplets given in the previous section makes evident that there do not ex- 
ist such an irreducible supermultiplet. Thus OSp(l/32, R) can not naively 
be identified with the generalized AdS supersymmetry of M-theory. This 
is actually not surprising since the embedding of 50(10,2) in 5p(32, R) 
is not parity invariant. As was shown in |3(], |3l| M-theory and its low 
energy effective theory in eleven dimensions are parity invariant. In em- 
bedding 50(10,2) in Sp(32,R) we identified its spinor representation with 
the fundamental representation of Sp(32,R). However, this embedding is 
not unique as 50(10,2) has two spinor representations of dimension 32, i.e 
the left handed and right handed spinors that are related by parity. We 
shall denote the superalgebra in which the the fundamental representation 
of 5p(32, R) is identified with the left-handed (right-handed) spinor rep- 
resentation of 50(10,2) as OSp(l/32,R) L (05p(l/32, R) R ). If we are to 
have parity invariant supermultiplets we must embed the full 64 dimensional 
Dirac spinor of 50(10,2) in a larger supergroup. The minimal supergroup 
satisfying this requirement is OSp(l/32, R)lx OSp(l/32, R)r with the pro- 
viso that one restricts oneself to parity invariant representations f3l|| . In 
the contraction of OSp(l/32, R)l x 05p(l/32, R)r to obtain the M-theory 
algebra one identifies the two spinor representations hence breaking the 
50(10, 2) L x 50(10, 2) R symmetry down to the diagonal 50(10,1) sub- 
group. The situation is rather similar to the situation in 2+1 dimensions 
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where the AdS group 50(2,2) decomposes as 



50(2, 2) = 50(2, 1)+ x 50(2, 1)_ = Sp(2, R)+ x Sp(2, R)_ (5 - 7) 

The spinorial generators transform in the representations (|,0) and (0, |) 
of the AdS group. The complete list of AdS supergroups in d = 3 was given 
in pi]]. For our discussion and comparison with eleven dimensions we shall 
consider AdS supergroups of the form 

0Sp(p/2, R) + x 0Sp(q/2, R)_ (5 - 8) 

There exist a one parameter family of Chern-Simons supergravity actions of 



the form [51, 52 1 



5 = a + S + + a_5_ (5 - 9) 

where 5 + and 5_ are the C-S actions for 0Sp(p/2, R) + and 0Sp(q/2, 
, respectively, and a± are some real constants. Not all these AdS super- 
gravity theories in d = 3 have a Poincare limit. Those AdS gravity and 
supergravity theories that do not have a Poincare limit are generally re- 



ferred to as "exotic" [|5^, 51]. To obtain an AdS supergravity which admits 
a Poincare limit one needs to take different forms of the two OSp factors 
such that they differ by an overall sign in the anticommutators of the super- 
symmetry generators. One crucial difference between the three dimensional 
AdS supergroups 0Sp(p/2, R) + x 0Sp(q/2, and the eleven dimensional 
generalized AdS supergroups of the form 05p(l/32, R)lX 05p(l/32, R)r is 
that the spinorial representations of the supersymmetry charges in the two 
factors are isomorphic in three dimensions and non-isomorphic in eleven 
dimensions. 

Consider now the chiral component 05p(l/32, R)l of the eleven dimen- 
sional generalized AdS supergroup. It admits a singleton supermultiplet 
which consists of a scalar field and a left-handed spinor f £ of 50(10, 2). 
Since it is a singleton supermultiplet we expect its quantum field theory to 
be a conformally invariant theory in ten dimensions. The massless supermul- 
tiplets are obtained by tensoring two singleton supermultiplets and decom- 
posing them into irreducible supermultiplets. By decomposing the maximal 
compact subgroup U(16) representations of the lowest weight vectors with 
respect to the 50(10) x U(l) subgroup of 50(10,2) one can determine the 
field content of the supermultiplets in AdS\\. The massless vacuum super- 
multiplet of OSp(l/32, R) include a scalar field <£, a left-handed spinor \I> x 
and an anti-symmetric tensor field A^p^j,, v, .. = 0, 1, ...10) and does not in- 
clude the graviton. The massless graviton supermultiplet of 05p(l/32, R)i 
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include the graviton g^ v , a gravitino ^ a spinorial field whose lowes t weight 
vector transforms in the 672 representation of the little group SO (10), and 
two bosonic fields whose lowest weight vectors transform in the 1050 and 
2772 of 50(10). To obtain an irreducible vacuum supermultiplet that con- 
tains the graviton one needs to consider four colors, which by our definition 
would correspond to a massive supermultiplet. The other chiral component 
OSp(l/32, R)r has similar supermultiplets with the left handed spinorial 
indices replaced by right handed spinorial indices. 

Now if we consider the full generalized AdS supergroup OSp(l/32, R)l>< 
OSp(l/32, R)r then to construct supersymmetric AdS quantum field theo- 
ries that are parity invariant we need to consider left-right symmetric super- 
multiplets. In particular, we would like to construct an AdS supergravity 
that in the Poincare limit leads to the 11-dimensional supergravity theory 
of 1 52]. In the contraction to the 11 dimensional Poincare superalgebra we 
will consider the diagonal subgroup OSp(l/S2, R)l~r of OSp(l/32, R)l x 
05p(l/32, R)r. Here we should stress the important point that the groups 
5O(10, 2) l and 5O(10, 2)^ intersect within their 5O(10, 1) subgroups inside 
05p(l/32, R)l-r. The simplest parity invariant irreducible representation 
of OSp(l/32, R)l* 05p(l/32, R)r is the tensor product of the singleton su- 
permultiplets of OSp(l/32, R)i and 05p(l/32, R)r . This tensor product 
however is infinitely reducible with respect to the diagonal subsupergroup 
05p(l/32, R)l^r. The irreducible supermultiplets contained in this tensor 
product are the supermultiplets of 05p(l/32, R)l^r for two colors con- 
structed in the previous section. ( For OSp(l/32, R)l and OSp(l/32, R)r 
they would be the massless multiplets.) However, for the diagonal super- 
group 05p(l/32, R)l^ji they are the shortest possible supermultiplets con- 
sisting of parity invariant irreducible ones plus those that come in parity 
conjugate pairs. Therefore by an abuse of terminology we shall refer to 
these supermultiplets as "doubleton supermultiplets " of 05p(l/32, R)l-r 
and the supermultiplets one obtains by tensoring two doubletons as "mass- 
less " supermultiplets. It is easy to show that the decomposition of the par- 
ity invariant irreducible supermultiplets of OSp(l/32, R)l x 05p(l/32, R)r 
with respect to 05p(l/32, R)l_ji yields supermultiplets corresponding to 
an even number of colors. In other words they consist of doubletons and 
those supermultiplets that can be obtained by tensoring doubleton super- 
multiplets 

Based on the structure of the supermultiplets for two colors and the 
knowledge of currently known supersymmetric theories in ten and eleven di- 
mensions [49] I expect the doubleton supermultiplets not to have a Poincare 
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limit in eleven dimensions and hence their field theories must be confor- 
mally invariant theories on the boundary of the AdSu which we can identify 
with the ten dimensional Minkowski space . Indeed, there exist conformally 
invariant supergravity theories with and without matter couplings in ten 
dimensions [54, p3|] . It will be important to study their connection to the 



doubleton supermultiplets given above. Of all the supermultiplets for two 
colors, the vacuum doubleton supermultiplet consisting of a scalar field <I> , 
a spinor field ^ and an antisymmetric tensor field A^ up (fj,, v, .. = 0, 1, ..9) 
seems to be of central importance as will be explained shortly. 

Denoting a bosonic and a fermionic field corresponding to a lowest weight 
vector transforming in the representation r of the little group SO(10) as 
-B( r ) and , respectively, the massless vacuum supermultiplet (p=4) of 
05p(l/32, R)l_r has the decomposition: 

(5 - 10) 



$i(32) 


= B 1 


1-16(33) 


= -^16 


$120 (34) 


= -B120 


$136(34) 


= -Bio + B126 


$560 (35) 


= -^560 


$1360(35) 


= ^16 + ^144 + -^1200 


$1820 (36) 


= -B770 + -B1050 


$5440 (36) 


= B\ + B54 + B210 + -B1050 + -B4125 


$7140 (36) 


= -B45 + -E>210 + -B945 + -B5940 



Since it contains the fields that in the Poincare limit go over to the fields of 
eleven dimensional supergravity we shall refer to it as the massless AdSu 
graviton supermultiplet. In addition to the fields of 11 dimensional Poincare 
supergravity, the above supermultiplet contains extra bosonic and fermionic 
fields. Furthermore, as is typical in AdS super symmetric theories there is a 
mismatch of bosonic and fermionic degrees of freedom. One ought to keep 
in mind however that in taking the Poincare limit many of the generators of 
OSp(l/32/ R)l^r will become central charges and some degrees of freedom 
of the fields will become gauge degrees of freedom. In any case, what is evi- 
dent is that an AdS supergravity theory in eleven dimensions would require 
additional fields than those of ordinary Poincare supergravity. This may 
explain why the attempts to construct a gauged version of 11 dimensional 
supergravity with 128 bosonic and 128 fermionic degrees of freedom have so 



far produced negative results [55]. We should also note that as in d = 2 + 1 
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dimensions it may be possible to construct exotic AdS supergravity theories 
in d = 10 + 1 dimensions that have no Poincare limit. 

Assuming that the AdSu supergravity corresponding to the above su- 
permultiplet exists, then it is related to the superconformal field theory 
of the vacuum doubleton supermultiplet in ten dimensions as the gauged 
N = 8 supergravity in d = 5 theory is related to the N = 4 super Yang- 
Mills theory in d = 4 which is conformally invariant P8| , |30| ]. In [B8[ the 
entire spectrum of the S 5 compactification of IIB supergravity in d = 10 
were fitted into massless and massive vacuum supermultiplets of the N = 8 
AdS superalgebra SU(2, 2/4). The doubleton supermultiplet of SU {2,2/ A) 
is nothing but the N = 4 Yang-Mills supermultiplet living on the bound- 
ary of AdS$ which is identified with the d = 4 Minkowski space. The entire 
spectrum of IIB can be obtained by tensoring the doubleton supermultiplet 
with itself repeatedly and restricting to the CPT self-conjugate color singlet 
supermultiplets. As explained in [|| this is in complete parallel with the 
recent conjecture of Maldacena that the N = 4 supersymmetric Yang-Mills 
theory with the gauge group SU(n) is equivalent to the IIB superstring on 
AdS?, x S" 5 in the large n limit. 

If M-theory admits a phase whose low energy effective theory is an AdS\\ 
supergravity theory corresponding to the above supermultiplet then I expect 
M-theory in that phase to be dual to the "CPT self-conjugate" doubleton 
field theory in ten dimensions. In particular the entire spectrum of the AdS 
phase of M-theory , massless as well as massive, should then be obtainable 
by tensoring the doubleton supermultiplet with itself repea tedly. In other 
words, the doubleton field theory would then be the holographic relativistic 



quantum field theory underlying M-theory in the sense of [59, |6C], g]. 

As in d = 2 + 1 dimensions there may exist AdS supergravity theories 
based on chiral superalgebras of the form OSp{l/32, R)l x OSp(l/32, R)l 
which do not have any Poincare limit in eleven dimensions. However, they 
may have a Poincare limit in ten dimensions which is related to the type IIB 
supergravity and/or conformal supergravity. f\ Both the left-right symmetric 
superalgebra OSp{l/32, R)l x OSp{l/32, R)r and the chiral superalgebra 

6 We should note that the topological Chern-Simons supergravity theories in eleven 
dimensions based on the non-unitary adjoint representations of OSp(l/32, R) and 
OSp(l/32,R) x OSp(l/32,R) were studied in §j| ||, ||. In the first paper of |37) it 
was shown that there is a contraction of 0^(1/32, R) that leads to a non-standard su- 
pergravity theory with a Poincare and parity invariant gravity sector. The connection of 
such non-standard supergravity theories to Cremmer-Julia-Scherk supergravity , if any, is 
not known [fesf. 
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OSp(l/32, R)l x OSp(l/32, R)l can be embedded in the simple superal- 
gebra OS*p(l/64, R) which had been discussed in connection with the 11- 
dimensional supergravity theory |46|, Ojand more recently for unification of 



various duality groups in string/M-theory [61]. The unitary supermultiplets 
of 0£p(l/64, R) can be written down easily using the results of section 4 
above and those of |?7|. The physical interpretation of these supermultiplets 
and their relation to M-theory as well as the construction of ten dimensional 
singleton and doubleton superconformal field theories will be discussed else- 
where |62]| , 

Acknowledgements: I would like to thank D. Minic for discussions. 
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